Abstract. In this paper we extend the variational calculus to fibered-fibered manifolds. Fibered-fibered manifolds are surjective fibered submersions π : Y → X between fibered manifolds. For natural numbers s ≥ r ≤ q with r ≥ 1 we define (r, s, q)th order Lagrangians on fibered-fibered manifolds π : Y → X as base-preserving morphisms
Introduction.
The most important problem in the variational calculus is to characterize critical values. It is known that critical sections of a fibered manifold p : X → X 0 with respect to an rth order Lagrangian λ : J r X → dim X 0 T * X 0 can be characterized by means of the solutions of the so-called Euler-Lagrange equations. There exists a unique Euler map E(λ) : J 2r X → V * X ⊗ dim X 0 T * X 0 satisfying some decomposition formula. Then the Euler-Lagrange equations are E(λ)•j 2r σ = 0 with unknown section σ (see [2] ).
Fibered-fibered manifolds generalize fibered manifolds. They are surjective fibered submersions π : Y → X between fibered manifolds. They appear naturally in differential geometry if we consider transverse natural bundles over foliated manifolds in the sense of R. Wolak [4] (see [3] ).
A simple example of a fibered-fibered manifold is the following trivial fibered-fibered manifold. We consider four manifolds X 1 , X 2 , X 3 , X 4 . Then the obvious projection π : X 1 × X 2 × X 3 × X 4 → X 1 × X 2 is a fibered-fibered manifold (we consider X 1 × X 2 × X 3 × X 4 as the trivial fibered manifold over X 1 × X 3 and X 1 × X 2 as the trivial fibered manifold over X 1 ). Taking X 1 , X 2 , X 3 , X 4 compact we produce compact fibered-fibered manifolds.
In [3] , for fibered-fibered manifolds, using the concept of (r, s, q)-jets on fibered manifolds [2] , we extended the notion of r-jet prolongation bundle to the (r, s, q)-jet prolongation bundle J r,s,q Y for r, s, q ∈ N \ {0}, s ≥ r ≤ q. The purpose of the present paper is to construct the variational calculus in fibered-fibered manifolds.
In Section 2 we define (r, s, q)th order Lagrangians as base-preserving morphisms λ :
Then similarly to the fibered manifold case we define critical fibered sections of Y . Setting p = max(q, s) we prove that there exists a canonical "Euler" morphism E(λ) :
of λ satisfying a decomposition property similar to the one in the fibered manifold case, where VY ⊂ T Y is the vector subbundle of vectors vertical with respect to two obvious projections from Y (onto X and onto Y 0 ). Then we deduce that critical fibered sections σ are exactly the solutions of the "Euler-Lagrange" equations E(λ) • j 2p,2p,2p σ = 0. Next we observe that E(λ) can be factorized through J r+s,2s,r+p Y and the "Euler-Lagrange" equations are in fact of the form E(λ) • j r+s,2s,r+p σ = 0. Section 1 provides some background on the variational calculus in fibered manifolds.
In [1] , I. Kolář studied the naturality of the Euler operator E(λ) on fibered manifolds. He showed that any natural operator of the Euler operator type is of the form cE(λ), c ∈ R, provided dim X 0 ≥ 2.
In Section 3 we study the naturality of the "Euler" operator E(λ) on fibered-fibered manifolds. We prove that any natural operator of the "Euler" operator type is of the form cE(λ), c ∈ R, provided dim X ≥ 2.
A 2-fibered manifold is a sequence of two surjective submersions X → X 1 → X 0 . For example, given a fibered manifold X → M we have 2-fibered manifolds
Every 2-fibered manifold X → X 1 → X 0 can be considered as the fibered-fibered manifold X → X 1 , where we consider X as the fibered manifold X → X 0 and X 1 as the fibered manifold X 1 → X 0 . So, the results of the paper can be obviously applied to produce the variational calculus on 2-fibered manifolds.
A fibered manifold X → X 0 can be considered as the 2-fibered manifold X → X 0 → pt with the one-point manifold pt. So, we recover the known variational calculus on fibered manifolds.
All manifolds and maps are assumed to be of class C ∞ .
Background: variational calculus in fibered manifolds

1.1.
A fibered manifold is a surjective submersion p :
Denote the set of (local) sections of p by Γ X. The r-jet prolongation
1.2.
Let p : X → X 0 be as above. A vector field V on X is projectable if there exists a vector field V 0 on X 0 such that V is p-related to V 0 . If V is projectable on X, then its flow Exp tV is formed by local fibered diffeomorphisms, and we can define a vector field
1.3.
An rth order Lagrangian on a fibered manifold p : X → X 0 with dim X 0 = m is a base-preserving morphism
Given a section σ ∈ Γ X and a compact subset K ⊂ dom(σ) contained in a chart domain, the action is
A section σ ∈ Γ X is called critical if for any compact K ⊂ dom(σ) contained in a chart domain and any p-vertical vector field η on X with compact
By derivation inside the integral we see that σ is critical iff for any compact K ⊂ dom(σ) contained in a chart domain and any p-vertical vector field η on X with compact support in p
where δλ : V J r X → m T * X 0 is the p r -vertical part of the differential of λ.
Given a base-preserving morphism
for every local section σ of X, where d means the exterior differential at x 0 ∈ X 0 of the local k-form ϕ • j q σ on X 0 .
1.5.
In the following assertion we do not indicate explicitly the pull back to J 2r X.
For every rth order Lagrangian λ :
for any vertical vector field η on X.
where
(see the proof of Proposition 49.3 in [2] ), where
and D α means the iterated formal derivative with respect to the multiindex α.
Proposition 1 yields immediately the following well known fact. 
Denote the set of local fibered maps σ :
where X 0 and Y 0 are the bases of fibered manifolds X and Y , x 0 ∈ X 0 is the element under x, X x 0 is the fiber of X over x 0 and σ 0 , ̺ 0 : X 0 → Y 0 are the underlying maps of σ, ̺. The (r, s, q)-jet prolongation
of Y is a fibered manifold over X with respect to the source projection π r,s,q X
: J r,s,q Y → X (see [3] ). We also have the target projection π 
2.2.
2.3.
Let r, s, q be as above. An (r, s, q)th order Lagrangian on a fiberedfibered manifold π : Y → X with dim X = m is a base-preserving (covering the identity of X) morphism
Given a fibered section σ ∈ Γ fib Y and a compact subset K ⊂ dom(σ) ⊂ X contained in a chart domain, the action is 
Given a base-preserving morphism
for every local fibered section σ of Y , where d means the exterior differential at x ∈ X of the local k-form ϕ • j p, p, p σ on X. (We remark that if s > r ≤ q then given a base-preserving morphism ϕ :
s, q σ)(x) is usually not determined by j r+1, s+1, q+1 x
σ. Then the corresponding formal exterior differential does not exist. One can see that the above-mentioned value depends on j p+1, p+1, p+1 x σ for p = max( s, q), but the relevant formal exterior differential will not be used.) 2.5. In the following assertion we do not indicate explicitly the pull back to J 2p,2p,2p Y . 
Proposition 3. Let r, s, q be natural numbers with s ≥ r ≤ q, r ≥ 1, p = max(q, s). For every (r, s, q)th order Lagrangian
for every π-vertical vector field η on Y . Composing both sides of the last formula with i 2p and using the obvious equality
Using Remark 1 it is easy to see (see Remark 2) that the definition of E(λ) does not depend on the choice of Λ.
where 
and
) is the induced coordinate system on γ) ) be the induced coordinates on J p,p,p Y . Then using the formula of Remark 1 it is easy to see that the local coordinate form of
where 3. On naturality of the "Euler" operator. We say that a fibered manifold p : X → X 0 is of dimension (m, n) if dim X 0 = m and dim X = m + n. All (m, n)-dimensional fibered manifolds and their local fibered diffeomorphisms form a category which we denote by F M m,n and which is local and admissible in the sense of [2] .
Similarly, we say that a fibered-fibered manifold π : Y → X is of dimension (m 1 , m 2 , n 1 , n 2 ) if the fibered manifold X is of dimension (m 1 , n 1 ) and the fibered manifold Y is of dimension (m 1 +n 1 , m 2 +n 2 ). All (m 1 , m 2 , n 1 , n 2 )-dimensional fibered-fibered manifolds and their fibered-fibered local diffeomorphisms form a category which we denote by F M m 1 ,m 2 ,n 1 ,n 2 and which is local and admissible in the sense of [2] . The standard (m 1 , m 2 
Given two fibered manifolds Z 1 → M and Z 2 → M over the same base M , we denote the space of all base-preserving fibered manifold morphisms of
In [1] , I. Kolář studied the rth order Euler morphism E(λ) of the variational calculus on an (m, n)-dimensional fibered manifold p : X → X 0 as the Euler operator
Fibered-fibered manifolds 9
He deduced the following classification theorem:
. Any F M m,n -natural operator (in the sense of [2] ) of the type of the Euler operator is of the form cE, c ∈ R, provided m ≥ 2.
In the present section we obtain a similar result in the fibered-fibered manifold case. Namely, we study the "Euler" morphism E(λ) of the variational calculus on an (m 1 , m 2 , n 1 , n 2 )-dimensional fibered-fibered manifold π : Y → X as the "Euler" operator
Here and from now on s ≥ r ≤ q are natural numbers, r ≥ 1, p = max(s, q) and m = m 1 + m 2 = dim X. We prove the following classification theorem. [2] ) of the type of the "Euler" operator is of the form cE, c ∈ R, provided m ≥ 2. 
